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Abstract: The paper discusses a fictitious crack model of concrete in tension proposed 
by Hillerborg. This model presents a concept that illustrates the mechanism of crack initia-
tion and its propagation in concrete on meso-level. It has proven to be a very useful tool for 
practical use, for both numerical and experimental research. The model was derived from 
findings on crack mechanisms on more advanced micro- and macro-scale, as presented in 
this paper. One of the paramount issues regarding crack analysis is the influence of aggregate 
size on mechanical and fracture parameters of concrete, and also on micro-crack development 
and associated macro-crack formation. Although significant progress in recognizing crack 
mechanisms in concrete has been achieved, there are still some aspects that should be studied 
in depth, for example the role of aggregate particles on crack development. This problem is 
analysed in the paper as well.

Keywords: concrete, crack mechanisms, fictitious crack model

1. Introduction 
Cracking is a major aspect of concrete behaviour. The internal structure of hardened 

concrete is intensely micro-cracked before loading. Once loaded, the further developed crack 
structure is exposed to environmental influences which endanger its structural integrity. Under 
loading one may observe the growth of micro-cracks, which, upon further load increase, 
coalesce until they form a macro-crack. At still higher loadings, the macro-crack can grow 
and spread which may result in material fracture. Taking into account that concrete is a brittle 
material, the analysis of cracking mechanisms in concrete, on both micro- and macro-level, 
is of paramount importance in the knowledge of concrete structures.
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2. Micro-level analysis
Concrete is generally intensely cracked in the so-called virgin state. In normal-strength 

concrete, a major part of these micro-cracks is predominately situated in the surfaces of aggre-
gate grains, while its dispersion and orientation is quite ‘random’ on engineering level. These 
cracks are the result of high stresses due to evaporation of pore water. Loading occurs which 
lead to growth and coalescence of these micro-cracks that yield global damage characteristics 
typical for the type and intensity of loading. Such load-crack evolution processes have been 
successfully explained – at least qualitatively – by the concepts of elastic material. Examples 
based on Timoshenko’s elastic stress solution for an inclusion (i.e., the aggregate grain) in 
a semi-infinite body have been employed for this purpose in the case of completely bonded 
or partly debonded cylindrical grains ([1]–[5], among others). For the direct tension case, this 
reveals crack extension/growth in the particle-matrix interface around the zenith zones of the 
particle. At a certain extension, the crack leaves the interface to grow further perpendicu-
larly to the loading direction. For a group of particles in concrete this leads to a multitude of 
out-of-plane cracks roughly perpendicular to the loading direction. For further crack growth, 
out-of-plane coalescence takes place in the fracture process zone (Fig. 1).

Fig. 1. Damage states in vertical sections of the central part of two-sided notched prismatic concrete specimen 
(with 50 mm between the notches, visible at top and bottom) subjected to continuously increasing 
uniaxial tensile strains (in horizontal direction): a) stress state about three quarters of ultimate, and 
b) about halfway, both along the descending branch of the stress-strain curve. Contrast was improved 
by a fluorescent spray and thereupon photographed under illumination by UV light. Observable crack 
patters were eventually hand-copied. For additional experimental details, see [6]. Above, one can 
observe the fracture process zone in which the final fracture path is developing during yielding of 
the specimen. Source: [6]

In direct ‘vertical’ compression, equatorial zones are subjected to tensile stresses, leading 
to crack growth/coalescence at the interface. The similar action happens for a large group of 
aggregate particles outside the tri-axially compressed zones in zenith areas of the particles. 
Material tends to slip along the slopes of these compressed cone-shaped zones. This is, however, 
a secondary phenomenon, because the zones are also pre-cracked in axial direction. So, the 
slip takes place along the so called ‘en échelon’ crack arrays, thereby stimulating growth/
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coalescence of axial cracking at the tops of the cones. This process of growth/coalescence 
of axial crack continues until the fracture, and ultimately, fracture process zones are formed. 
Figure 2 shows the stages of this process.

a) b)

c) d)

Fig. 2. Crack mechanisms in concrete in direct compression. Under increasing loading, particles (also of 
gravel or sand) are ultimately completely released from material body. a) interface crack of a large 
spherical grain enters matrix, where vertically oriented surfaces of smaller particles are pre-cracked 
in an “en échelon” array, shown by the model in b). The effect of the slip on structure formation in 
vicinity of particle (P, Q – compressive loads, S – shear, T – tension) is depicted in c). These coni-
cally-shaped elements are found among the debris at full collapse of the specimen d). Source: [5], 
[7]–[11]
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3. Macro level analysis
Concrete is a brittle material, unable to resist the high tensile stresses that are impor-

tant when considering cracking. The low tensile capacity can be attributed to the high stress 
concentrations in concrete under loading, so that a relatively high stress level is observed in 
some parts of the specimen, whereas other parts are subjected to low stress. The higher strain 
concentration under loading is observed in an active zone of the specimen, where microscopic 
cracks tend to grow and coalesce (Fig. 3b). This zone is called the fracture process zone (FPZ) 
and it is often referred to as a progressive micro-cracking zone between the real crack and the 
non-cracked portion of concrete (Fig. 3a).

Micro-cracks in the fracture process zone run not linearly but over tortuous paths due to 
the heterogeneity of concrete. In the composite structure of concrete, there is hardened cement 
matrix with pores and micro-cracks, ‘randomly’ distributed aggregate particles, and an inter-
facial transition zone (ITZ). The ITZ is a weak area between cement matrix and aggregate; 
therefore, this is the place where micro-cracks start developing. Development of cracks is 
connected with the process of energy dissipation. From energetic point of view, the weakest 
zones in the heterogeneous structure of the concrete composite material are subjected to the 
processes of crack initiation and propagation. In normal-strength concrete it can be observed 
that cracks concentrate along weak interfaces surrounding the aggregate grains, and then join 
and propagate through the cement matrix, as discussed above. When the aggregate is weaker 
than cement matrix, like in high strength concrete or lightweight concrete, cracks also propagate 
through the aggregate grains. Thus, we can observe more brittle character of failure, e.g., in 
high-strength concrete. The example of crack path propagation obtained during the splitting 
tensile test is presented in Fig. 3c [12].

a) b) c)

Fig. 3. Visualization of the fracture process zone, a) in the zone of progressive micro-cracking, micro-cracks 
are formed along weak interfaces surrounding the aggregate grains, and then join and further propa-
gate through the cement matrix, b) the strain distribution in the fracture process zone and its vicinity, 
c) experiment result of a tensile splitting test. Crack tends to pass around the aggregate grains. The 
latter is due to existing interface cracks that may have been formed in the virgin state or developed 
shortly thereafter. Source: [12]

Crack mechanisms are still the subject of ongoing studies on both micro- and macro-
level. The advanced insight into crack mechanisms makes it possible to implement the findings 
into engineering practice. The brittle nature of concrete was the main problem in designing 
of concrete structures. The main mechanical parameters such as compressive strength fc, 
tensile strength fct, and Young’s modulus Ec, have proven to be not sufficient for describing 
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the phenomenon of concrete behaviour. If concrete had been a perfectly brittle material, 
every crack would lead to sudden, catastrophic failure. Therefore, concrete should be treated 
as a quasi-brittle material. Furthermore, it was realized that the concrete material reveals 
a complex structural response subjected to several important non-linear characteristics. Most 
of all, highly non-linear stress-strain behaviour leading to tensile cracking and compression 
crushing should be considered when analysing the failure processes in concrete structures.

One of the first theoretical models that took into consideration non-linearity of the 
crack propagation in concrete was the fictitious crack model proposed by Hillerborg [13]. 
The model was derived from researches on ductile fracture mechanics of metals. However, 
it was realized that the model for metals could not be directly applied to concrete. The main 
discrepancy was the presence of a significantly larger fracture process zone (FPZ) in concrete 
than in metals. The development of the FPZ made the application of linear elastic fracture 
mechanics not suitable for describing cracking in concrete. Hillerborg’s model presents it 
as the zone where also strain-softening occurs (as the tensile stress decreases in the fracture 
process zone, whereas the strain, i.e., the crack tip opening displacement, increases). The 
strain–softening phenomenon is illustrated in Fig. 4. The picture also presents the stress-sep-
aration law in the post-peak range.

Fig. 4. Fictitious crack model for concrete in tension. Strain-softening in tension of concrete in the post-
peak range is manifested by the declining stress-crack opening curve. The shaded area defines the 
fracture energy GF; Source: [13]

The stress-opening displacement curve (σ-w) is a very useful tool in describing and 
illustrating the key elements in the fictitious crack model, such as the shape of the σ-w curve, 
tensile strength fct, and fracture energy GF. When the stress exceeds the tensile strength, crack 
propagation takes place in the initiation phase. For the next step of crack formation, beyond 
the peak load, a certain amount of energy is needed. The energy which is absorbed per unit 
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area of crack face is defined as the fracture energy GF. Fracture energy is defined as the area 
under the descending curve of σ-w relationship and may be estimated from
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Fracture energy can be determined experimentally in three-point bending tests on 
concrete beam specimens with a notch, according to the RILEM Draft Recommendation 
1985 [14]. Then, GF is given by the area under the load-deflection relationship divided by the 
net cross-section of the specimen above the notch. 
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Fracture energy can be determined experimentally in three-point bending tests on concrete 
beam specimens with a notch, according to the RILEM Draft Recommendation 1985 [14]. 
Then, GF is given by the area under the load-deflection relationship divided by the net cross-sec-
tion of the specimen above the notch.

4. Application of the fictitious crack model
On the basis of the model proposed by Hillerborg and further developments in non-lin-

ear fracture mechanics ([15], [16]), the description of the tensile behaviour of concrete was 
codified. The design model of concrete subjected to tensile stresses was proposed in CEB FIP 
Model Code 1990 [17]. As tensile failure of concrete is a discrete phenomenon, the model 
allows describing strain softening of concrete in tension with a bi-linear stress–strain diagram 
for uncracked concrete and a bi-linear stress-crack opening diagram for the cracked material. 
The diagrams are presented in Fig. 5 where:

GF – fracture energy [Nm/m2], which may be estimated from Eq. 2;
w1 – crack opening [mm], which may be calculated from Eq. 3;
wo – crack opening [mm] for σct = 0 as given in Tab. 1.

Fig. 5. Diagrams recommended in CEB-FIP Model Code1990 for the tensile zone of concrete: a) stress 
versus strain, b) stress versus crack opening. Source: [17]
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Fracture energy GF and crack opening wo were found to depend on the maximum 
aggregate size Dmax [18]. This finding was taken into account in the code (see Tab. 1). 

Table1. Coefficients αF and crack openings wo according to CEB FIB Model Code. Source: [17]. 

No. Maximum aggregate size, 
Dmax  [mm] 

Coefficient 
αF 

Crack opening 
wo [mm] 

1 8 4 0.12 
2 16 6 0.15 
3 32 10 0.25 
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The use of the softening model in the analysis by Finite Element Method (FEM) 

rendered possible to describe more thoroughly fracture processes underlying the 
development of failure in concrete members. Also high crack resistance observed during the 
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Table 1. Coefficients αF and crack openings wo according to CEB FIB Model Code. Source: [17]

No. Maximum aggregate size,
Dmax  [mm]

Coefficient
αF

Crack opening
wo [mm]

1 8 4 0.12
2 16 6 0.15
3 32 10 0.25

The concrete model proposed in CEB FIP Model Code [17] was successfully applied to 
several numerical analyses of concrete structures. 

The use of the softening model in the analysis by Finite Element Method (FEM) rendered 
possible to describe more thoroughly fracture processes underlying the development of failure in 
concrete members. Also high crack resistance observed during the experiments as compared to 
cracking forces calculated on the basis of linear elastic theory could be properly explained [19].

The significant progress in describing size effects was possible after performing numeri-
cal simulations by means of the fictitious crack model. For various types of loading, the bigger 
member size, the smaller cracking forces. However, this effect is often ignored. Advanced 
understanding of fracture mechanics of concrete gave the possibility to rationally derive cracking 
forces in structural concrete members from the complete range of sizes ([20]–[22]).

Numerical simulations also helped to find a reason why the cracking moment in a lightly 
reinforced concrete beam is higher than in a plain concrete member ([19], [23]). Significant 
differences in tensile stress distribution between non-reinforced and lightly reinforced concrete 
beam were obtained (see Fig. 6). These differences have been noticed at load stages when 
strain-softening starts to develop. The numerical analysis has shown that the process of crack 
formation is more stable in the beam with reinforcement. Reinforcing steel bars reduce the 
progress in crack propagation due to the effect of bonding between concrete and the reinforcing 
bars. The final result is that the cracking resistance of a lightly reinforced concrete member is 
higher than in a plain concrete one. The comparison of tensile stress of concrete and lightly 
reinforced concrete beam is shown in Fig. 6.

The performed FEM-analysis showed another phenomenon connected with numerical 
simulation. When the progressive micro-cracking of concrete is modeled as a smeared crack 
band, the width of the crack band appears as an additional parameter. This is called the width 
of fracture process zone (wc):
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The performed numerical analyses ([24], [25]) have shown that the width of the fracture 
process zone has an influence on the FEM results. The proper selection of this parameter during 
the numerical calculations depended on obtaining correct results by finite element method. When 
examining the beam presented in Fig. 6a, the analysis of the influence of the width of the fracture 
process zone on the results of the numerical calculations was made. Different widths were selected 
for modelling this zone: wc = 5; 10; 20; 26.5; 50; and 100 mm.  Taking into account the minimum 
potential energy in a member, it may be stated that a best approach would be to select the smallest 
elongation within the localized micro-cracking zone ahead of the major crack. In the analysed 
beams, this condition occurs when wc is 10 mm. When one takes wc  = 3Dmax, as proposed in the 
literature: [15], such assumption does not fit this criterion. Note that in the analysed beam, it would 
be wc = 100 mm, because Dmax = 32 mm. Unfortunately, so far, neither a standard method of exper-
imental determination of the width of fracture process zone has been proposed, nor the analytical 
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method has been described in depth. There are also no definite conclusions for the influence of 
aggregate size on the width of the fracture process zone. Therefore, there are no consistent rules 
how to define the width of micro-cracked zone in modelling concrete structures.

The presented examples of numerical simulations confirm that fictitious crack model can 
be successfully employed when analysing crack mechanism of concrete. Although several new 
concepts on describing concrete fracture have been proposed (e.g. [15], [26]–[29]), the “classical”  
Hillerborg model still finds useful application in concrete engineering (for example: [30]–[33]).

Fig. 6. The comparison of normal stress diagrams in the fracture process zone at different load stages for c) 
plain concrete beam, and d) for reinforced concrete beam. a) Static scheme of the beam specimen; 
because of the reversed load application, the tension zone and reinforcing bars are in the upper part of 
the beam, b) the FEM-mesh. The numerical calculations were performed as a 3D simulation on one half 
of the beam, since the four-point bending test is symmetrical. The fracture process zone was modelled 
in the region of the highest bending moment by truss elements with non-linear characteristics of the 
concrete; the bulk material was modelled by brick elements as elastic material. Source: [19], [23]

Xxxx – to be completed during the formatting process 

8 

a) 

 
b) 

 
                  

         
 

c)  

- 3 5 0 0 - 3 0 0 0 - 2 5 0 0 - 2 0 0 0 - 1 5 0 0 - 1 0 0 0 - 5 0 0 0 5 0 0 1 0 0 0 1 5 0 0 
              [ k P a ] 

0 . 0 0 

0 . 0 6 

0 . 1 2 

0 . 1 8 

0 . 2 4 

0 . 3 0 

z   [ m
 ] 

F = 1 . 0   k N 
F = 1 . 9   k N 
F = 3 . 1   k N 
F = 4 . 0   k N 
F = 4 . 9 6   k N 
F = 5 . 1 9   k N 

 x x  

d)  

- 4 0 0 0 - 3 0 0 0 - 2 0 0 0 - 1 0 0 0 0 1 0 0 0 2 0 0 0 
          [ k P a ] 

0 . 0 0 

0 . 0 6 

0 . 1 2 

0 . 1 8 

0 . 2 4 

0 . 3 0 

z   [ m
 ] 

F = 0 . 9 5   k N 
F = 2 . 1 5   k N 
F = 3 . 9 5   k N 
F = 5 . 1 5   k N 
F = 6 . 6 5   k N 
F = 8 . 4 5   k N 

 x x 

level of reinforcement 

 
Fig. 6. The comparison of normal stress diagrams in the fracture process zone at different load stages 
for c) plain concrete beam, and d) for reinforced concrete beam. a) Static scheme of the beam 
specimen; because of the reversed load application, the tension zone and reinforcing bars are in the 
upper part of the beam. b) The FEM-mesh. The numerical calculations were performed as a 3D 
simulation on one half of the beam, since the four-point bending test is symmetrical. The fracture 
process zone was modelled in the region of the highest bending moment by truss elements with non-
linear characteristics of the concrete; the bulk material was modelled by brick elements as elastic 
material. Source: [19], [23]. 

5. Conclusions 

The fictitious crack model of concrete in tension proposed by Hillerborg is a concept 
incorporating the mechanism of crack initiation and propagation in concrete on meso-level. 
This concept was found to be very useful for practical implementations, for both numerical 
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5. Conclusions
The fictitious crack model of concrete in tension proposed by Hillerborg is a concept incor-

porating the mechanism of crack initiation and propagation in concrete on meso-level. This concept 
was found to be very useful for practical implementations, for both numerical and experimental 
investigations. In laboratory testing it is often denoted as the work-of-fracture method. The model 
was derived from the findings on crack mechanisms on more advanced micro- and macro-scale, 
as it was presented in this paper. One of the paramount issues connected with crack analysis is the 
influence of aggregate size on mechanical and fracture parameters of concrete and furthermore on 
micro-crack development and associated macro-crack formation. Although significant progress 
in recognizing crack mechanisms of concrete has been achieved, there are still some aspects that 
should be resolved in depth, for example the influence of aggregate particles size on crack devel-
opment. This problem is supposedly associated with (sub-level) micro-crack formation resulting 
from the virgin state, and predominantly leading to partly debonded aggregate grains at the start of 
the test. The latter is definitely depending on aggregate size because a quasi-fractal phenomenon.
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